This paper presents an investigation of the grinding of narrow (approximately 0.45 mm wide x 0.45 mm deep) grooves in sapphire by means of a parametric experimental approach using the Design of Experiments (DoE) methodology. To guarantee the functional suitability of the finished product, the process of grinding these grooves in sapphire must meet the imposed geometrical and dimensional specifications; in particular it must preserve the sharpness of the surface edges of the groove and minimize any other collateral damage, such as median or lateral cracks at the bottom of the groove. To help meeting these requirements, while still achieving economically acceptable material removal rates, the effect of superimposed ultrasonic vibrations was also considered in this study.
To meet these requirements while achieving economically acceptable grinding times, we performed grinding experiments with a modified CNC 3-axes milling machine. The samples with ground grooves were analyzed using an image analysis program specifically developed to quantify various types of encountered defects. The quantified defects were then used to develop several semi-empirical models based on a 2 5-1 fractional factorial DoE. The models served to characterize and optimize the grinding process in terms of groove quality and process efficiency. The set of optimized process parameters were validated on the basis of independent experiments. We also discussed the process models and the established optimum process parameters on the basis of contact and fracture mechanics principles to gain a more fundamental understanding of the sapphire grinding process.
Grinding is one of the oldest processes for processing/shaping hard materials and has been the subject of numerous investigations (Groover, 2010; Malkin, 1989 ). Yet, the influence of the many parameters affecting the process still remains poorly understood and modeled. The first attempts at characterizing the material removal rate (MRR) during grinding involved purely geometric/kinematics modeling for estimating the maximum chip thickness. The kinematics model of (Groover, 2010; Malkin, 1989) considers dependencies between the grinding wheel microstructure, the amplitude of the wheel-work piece relative motions, and the geometry of the grinding wheel. Although this is a simplified and idealized approach, it plays a major role in predicting surface quality (Agarwal and Rao, 2010; Mayer and Fang, 1995) and evaluating the material removal efficiency of the process (Agarwal and Rao, 2010) . Because grinding involves material deformation and M A N U S C R I P T A C C E P T E D ACCEPTED MANUSCRIPT 3 fracture and because some of its parameters unavoidably evolve with time, grinding models must consider the effect of applied forces and of tool wear, which significantly adds to their complexity. More advanced models assume that material removal occurs by microcracking (median and lateral cracks) and generation of chip fragments (Evans and Marshall, 1980; Malkin and Hwang, 1996; Marinescu et al. 2000) . Energy considerations such as those first proposed by Preston in (1927) provide another approach for developing simple grinding models. Inasaki (1987) suggested using the specific grinding energy, E, as a characterizing parameter. In his model, which also incorporates a geometric/kinematics model, the specific grinding energy is expressed in terms of the tangential grinding force, the peripheral velocity of the grinding wheel, the workpiece translational velocity, the depth of cut and the width of the grinding wheel.
During the past decade, industrial needs have prompted many efforts in mechanistic modelling, simulation and even probabilistic modelling of grinding processes (Brinksmeier et al., 2006; Stepien, 2009) . Unfortunately, none of these models is detailed and reliable enough to allow a model-based optimization of the industrial grinding process.
Ultrasonic assistance (USA) significantly changes the grinding mechanisms activated during the cutting process (Uhlmann and Spur, 1998) . USA superimposes a vibratory motion on the conventional grinding kinematics. Benefits of USA to grinding include:
• A reduction of loads on the grinding tool and consequently of its wear rate (Brehl and Dow, 2008) . • A better surface quality for the workpiece with less sub-surface damages (Qu and al., 2000) .
• An increased material removal rate (Pei and al., 1995) .
Grinding is a process best suited for hard materials. The nature of the material of the workpiece greatly influences the mechanisms of chip formation and the resulting surface quality of ground parts (Tönshoff et al., 1992) . Although numerous studies have been conducted to understand and model the behavior of brittles solids, such as glasses and polycrystalline ceramics, the literature is less comprehensive for single crystal sapphire.
Experiments were performed on single crystal sapphire and showed a strong correlation between the Preston's coefficient and the workpiece roughness (Funkenbusch et al., 1998) .
More recently, classical types of surface deformations induced by abrasive machining, such as lattice deformation, strain and scratch were studied on sapphire wafer (Wen et al., Kim et al. (2003) demonstrated that maintaining the feeding force constant, instead of the feeding rate, allows minimizing defects in sapphire. Fundamental characterization of the material in (Inkson, 2000) highlighted peculiar behaviors during twinning or microcracking in Al 2 O 3 . These focused studies for specific materials do not provide a comprehensive understanding of the effect on grinding of various properties such as anisotropy of the sapphire, Young's modulus (E), fracture toughness K Ic , and strength (σ c ), and sapphire production methods (Verneuil, EFG, and Kyropulos). Section 2 of this paper presents the experimental procedure used for the investigation (USA grinding set-up, material used, defect analysis procedure), the DoE quadratic model, as well as the various responses analyzed.
Section 3 discusses the correlation between the process parameters; grinding forces and finished groove quality are selected as key process indices and the corresponding DoE models are then proposed and optimized. The two optimized models serve to determine the best optimum for the process parameters. We show that the optimum in terms of grinding force and material quality are very similar. Finally, the optimum model is validated by performing additional tests and comparing the new results to the results of all experiments.
The validation is performed not only for the grinding forces and material quality but also for the specific material removal rate and the total processing time.
Section 4 discusses the models and their optimization based on contact mechanics and fracture mechanics principles.
Section 5 summarizes the findings of the investigation and shows that optimized grinding parameters can be selected that satisfies both surface quality and material removal rate requirements. Figure 1 shows the experimental set-up used in the investigation, a modified CNC 3axes milling machine. In this set-up, the spindle with the grinding disk has the three translational degrees of freedom x, y and z, whereas the workpiece is stationary (Fig. 1a ).
2) EXPERIMENTAL PROCEDURES AND MATERIALS TESTED

Experimental setup and procedure
An asynchronous electric motor drives the precision spindle by means of pulleys and a belt at speeds ranging from 1'000 to 22'000 rpm.
Experiments can be carried out with or without ultrasonic assistance (USA). The machine includes the following instrumentation: M A N U S C R I P T A C C E P T E D ACCEPTED MANUSCRIPT 5 1) Rotary encoders on the motors of the axes, from which the x, y and z motions can be derived;
2) An encoder to measure the rotational speed of the spindle;
3) A torque meter, mounted by means of two balanced flexible couplings between the spindle and the belt-and-pulley transmission to measure the grinding torque; 4) A waterproof dynamometric table to measure the thrust grinding force, from now on referred to as normal force 1 . Figure 1b shows the arrangement used in experiments with USA. The specimen is glued on a holder mounted directly on the tip of the sonotrode generating the ultrasonic axial motion 2 . The US actuator consists of a Branson piezoelectric converter excited by an ultrasonic generator (Branson type 2000 b/bdc). The converter generates an axial sinusoidal motion with a controlled frequency of 20 kHz and is coupled to a booster designed to have a zero axial displacement node at the resonant frequency of 20 kHz and an amplification factor of 1,48. The displacement node on the booster permits mounting of the sonotrode system without transmission of deleterious vibrations to the rest of the CNC machine. This arrangement achieved a peak to peak maximum displacement of the specimen of about 33 µm. In experiments with USA, we did not measure the normal grinding force to avoid vibration damage to the dynamometric table. Figure 1c shows the experimental configuration for tests without USA. In this case, the sapphire specimen is glued on the dynamometric table, which itself is bolted onto the support base and the fluid recuperation tank.
1 Forces are measured with three subminiature sensors (XCF 205R from Measurement Specialties) placed in a triangular pattern underneath the platen of the table. Each sensor provides a measurement range between 0 and 20 N and a high rigidity of 9·10 6 N/m. 2 The holder is mounted to the sonotrode with a bolt that allows an appropriate preload to avoid interface separation. A high strength glue is required to avoid spalling off of the specimen from the holder. During the experiments without USA, we measured the torque applied to the spindle, the normal grinding force and the table motion. As mentioned above, during the experiments with USA, we only measured the spindle torque and the table motion.
We estimated the tangential grinding force from the spindle torque measurements by dividing it by the outer radius of the grinding wheel.
Material
We performed tests on polished mono-crystalline sapphire samples produced by the Kyropoulos and Verneuil methods and cut into cylinders with a 30 mm diameter and a thickness of 3 mm. The a-plane of the crystal corresponded with the surface of the specimen and grinding occurred along the c-or m-directions (See Fig. 2 ). X-ray measurements established that the a-direction had a maximum misorientation angle of 1° with respect to the crystal growing direction 
Analysis of Grinding Defects
Defects at the surface edges of the groove (See Figure 3 ) often represent the most detrimental grinding damage. Therefore, in the present investigation, we focused on this category of chipping defects caused by the intersection of lateral and radial cracks (Ahn et al., 1998; Lawn et al., 1980 , Lawn, 1997 Marshall et al., 1982 , Wasmer et al., 2005 Wasmer et al., 2008a; Wasmer et al., 2013) .
The defect analysis procedure entails several steps. First, dark field optical images are taken and processed by an image analysis software to facilitate feature recognition. The enhanced images are then treated to extract quantifiable values of characteristic geometric parameters of the defects.
The images of the groove were taken using a Zeiss Axioplan microscope equipped with a CCD camera ProgRes ® C14 from Jenoptik. For reliable data analysis, 20 images with a 50 X magnification were taken and stitched together to have a characterized groove length of over 17.5 mm. Figure 3 shows an image of one groove with defects ( Fig. 3a ) and how these defects are recognized and quantified (Fig. 3b ).
The defect images were processed with ImageJ, a free, multi-platform, open-source software package (Unser et al., 1989) . To capture the fine details of the defects, we developed our own ImageJ plugin. The plugin of this contribution is made freely available at: http://XXX/ (it will put online after acceptation of the paper).
To have sufficient control on the global smoothness on the contour, a shortest-path method was chosen to extract the border of the defects. The edge detection is carried out via an optimization procedure running in the groove direction over the whole image. The unit cost function 1 , + k k ζ from the column k to the column k+1 of the image is defined by:
where f (x,y) is the intensity value at the coordinate (x, y), and λ i and λ d are two weighted factors. By tuning these weights, one can easily adapt to various types of images and control the trade-off between smoothness and accuracy. The procedure is fast enough to allow a user interaction to force the curve to pass through some specific positions. The final step consists in extracting quantifiable characteristic parameters from the image analysis. We developed a program to determine the length (l), height (h) and area (A) of each defect as shown in Fig. 3b . The minimum defect height measured was as low as 1 µm. Many other parameters related to the height and area of the defects can also be extracted from the image analysis data and the complete list is given in Table 5 in Section 2.5. These extracted parameters are potential candidates for prediction by the DoE analysis, i.e. are candidate responses for the DoE analysis.
Definition of Parameters Characterizing Productivity
A minimum level of productivity is required for a process to be industrially viable.
Therefore, two parameters are considered for the characterizing the process productivity: the specific material removal rate and total processing time. The specific material removal rate is often defined as ' w Q or SMRR with units in mm 3 /s/mm width . It is also often named material removal rate per unit active grinding wheel width which has unit in mm 2 /s. SMMR is given by (Malkin, 1989) :
where ν a is the feed speed and a e is the depth of cut. Eq. (2) permits a direct comparison of various grinding processes with respect to productivity, as well as an evaluation of the actual removal capacity. Clearly from Eq. (2), the SMMR has the benefit of being very easy to estimate since it is governed only by the feed speed and the depth of cut a e .
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Design of Experiment (DoE) Approach
A large number of factors may potentially influence the grinding quality. They can be divided into five groups: (1) process parameters, (2) materials, (3) machine, (4) grinding wheel, and (5) human factors. Each group can be divided into sub-groups, e.g. process parameters include the wheel speed, the feed speed, the vertical feed, etc... Hence, a total of 31 factors were inventoried (not shown here). To establish which of these factors most strongly affect the quality of the ground groove, we adopt the DoE approach described below. For a general discussion of DoE methodologies, the reader can consult references (Box et al., 1978; Montgomery, 2009 ).
We first assume that interactions between the various factors have a significant influence on the results. Therefore, a two-level fractional factorial design or 2 k factorial design has been chosen in this work. Such 2 k factorial designs are widely used when factor screening experiments are required (Box et al., 1978) . Here, k corresponds to the number of factors, which can each have 2 levels. Considering all 31 factors has two drawbacks.
First, a two-level full factorial design requires over two billion tests (precisely 2 31 runs) a number of tests we can obviously not perform. Second, the model would be extremely complex with many parameters and most of them would have limited to no impact on the grinding process. Consequently, only five parameters, which we consider as the most important ones, are taken into account. These parameters are listed in Table 1 . Other parameters such as the machine, the grinding wheels and the human factors were kept constant to minimize their impacts. A series of preliminary tests was performed to define the minimum and maximum values of the selected factors, to ensure reproducibility and the likely significance of the results. We performed screening experiments using a 12-run Plackett and Burman design to estimate the main trends. Such multifactorial designs are useful to screen a large number of factors with a minimum of experiments (Box et al., 1978) . The results of the first
screening experiments (all together 82 pre-tests) provided confidence in the chosen basis for further modelling.
A full factorial design based on Table 1 would require at least 108 experiments. To reduce the number of experiments, we selected a fractional factorial design with a resolution R=V proposed by Box et al. (1978) . When selecting a fractional design, it is important to consider the concept of the resolution R. This concept indicates which levels of interaction are aliased. With this design of resolution, every main effect a i is aliased with a four-factor interaction coefficient (e.g. a i + a ijkl ) and every two-factor interaction is aliased with a third-factor interaction (e.g. a ij + a ijk ) (Box et al., 1978; Montgomery, 2009 ).
Consequently, a 2 k factorial design of resolution R=V provides a unique estimation of the main effects and the two-factor interaction effects.
Using this approach, a fractional factorial design with ( ) interactions. The sets of contrasts were defined by the generator 5 = 1234 (Box et al., 1978; Montgomery, 2009 ). The experiment matrix X for a 2 4 design is presented in Table 2 ( Box et al., 1978; Montgomery, 2009 (Box et al., 1978; Montgomery, 2009) 
When interaction terms are added to the model, the model may be subjected to quadratic effects or second order curvature (Montgomery, 2009 ). Under such circumstances, adding center points is frequently advised to verify the model for curvature which requires additional experiments. This is made by using a center point for the factors x 1 , x 2 and x 3 . There are various possibilities to define and combine the new additional experiments. They are determined by performing numerical tests using two criteria proposed by Box et al. (1978) . First, the DoE is best when the dispersion matrix (X T X) -1 is minimal. Second, the effects of the considered parameters have to be estimated as independently as possible (orthogonality of the matrix and symmetry of the runs). This approach leads to eight additional runs that are listed in x Table 3 : Additional runs for the matrix X Although many process parameters were fixed, we cannot ignore that they may be subjected to drift. To minimize this effect, it is crucial to perform the 24 runs randomly.
The orders of the runs were obtained with a random number generator and are given in The responses modeled with the DoE approach can be divided into three groups: the process, the machine and the material quality. The details are given in Table 5 . Expanding each group leads to a large number of responses and so of potential models. 
The model
As mentioned in Section 2.5, in this work, we do want to consider the quadratic effects.
Consequently, the DoE associated with a quadratic model is defined the following equation:
where y is the response, a 0 represents the constant effect, a i the main effects, a ij the first order interaction effects, a ii the first order quadratic effects and e i the errors (also known as the residual). For each desired response, a least square algorithm is employed to estimate the coefficients of the model. The higher orders are neglected.
In agreement with the DoE presented in Section 2.5, this model has 19 degrees of freedom. The constitutive equation of the full model is: represents the relationship between process parameters and process response of the sapphire sample and is known as (multidimensional) processing map. Hence, the processing maps should define the combination of processing parameters (for a given manufactured geometrical detail) guaranteeing successful machining in the shortest time and most economic way. between the normal and tangential grinding force is 0.74. This is lower than expected as both forces are often considered to be related. Nevertheless, despite the low value of the correlation, only the tangential force will be modeled and we will assume that normal and tangential force will be correlated, if only weakly.
RESULTS
Introduction
The correlation matrix associated with the material quality is given in Table 6 . Most responses in terms of defect heights (h) and area (A) are highly correlated and so very little differences are expected between those models. The number of defects per mm (d mm ) and the number of defects (d Nº ) are also highly correlated but interestingly, they are inversely correlated with the defect heights and areas. In other words, the larger the median defect area, the lower the number of defects. To eliminate the sensitivity to potential very large defects, a model is built using the median defect area response and it is compared with the median defect height for validation. 
Modelling of tangential grinding force -first processing map
The constitutive equation of the full model was given in Eq. (4). The different coefficients used to model the tangential grinding force as the response y are given in Table 7 . One quick and easy method to compare the importance of each coefficient is to calculate the relative effects (RE) a i /a 0 . This ratio illustrates the importance of each coefficient (a i ) in relation to the constant effect (a 0 ). In Table 7 0.0055 (+17%) a 45 -0.0209 (-64%) Table 7 : Coefficients of the quadratic model for the tangential grinding force. The relative effects are given in brackets Figure 4 represents graphically the RE data in Table 7 . It represents in increasing order the additional normalized contribution to the total effect of each coefficient to the contribution of the constant effect coefficient. In the figure, the abscissa thus represents the constant effect coefficient. A relative effect with a negative value, expressed in percent, indicates a reduction in tangential grinding force and conversely, a positive value indicates increased forces. For example, an increase in the wheel speed (parameter x 1 , with a main effect represented by coefficient a 1 ) causes, without taking into consideration the interaction effects, a significant reduction in grinding forces; up to 120 percent reduction in full scale. On the other hand, an increase in feed speed (parameter x 2 , with a main effect represented by coefficient a 2 ) induces higher forces.
From Figure 4 , it is seen that the relative effects of the wheel speed (REa 1 = -120%), the feed speed (REa 2 = +101%) and the vertical feed (REa 3 = +125%) have the largest influences on the tangential grinding force. In contrast, the ultrasonic assistance (REa 4 = -51%) has a limited impact, whereas the crystallographic orientation 
Optimization of model for the tangential grinding force
For models with four or more variables, simple geometric representations of the dependencies are impossible and this is the case for our results. Consequently, we cannot find by inspection the best set of operational parameters and so, we must use an optimization procedure to determine the optimum. In this work, an interior point method which solves linear and nonlinear convex optimization problems was used. This method constrains the optimization procedure to operate within the boundaries of the process parameter space. This optimization method is an iterative process and 26 iterations were necessary to find the set of parameters yielding the best local optimum. Table 8 lists the values of the set of parameters, which should significantly reduce the tangential grinding force as compared to the constant effect a 0 (the value 0% in Fig. 4) .
Actually, the set of parameters in Table 8 predicts a decrease of 191% for the relative amplitude of the measured spindle torque, and hence the tangential grinding force.
Because of the weak correlation between tangential and normal grinding forces, we expect that the normal force will follow a similar trend. Crystallographic orient. +1 c-axis Table 8 : Best local optimum set of parameters in terms of tangential grinding force.
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A set of parameters that optimizes the tangential grinding force, does not necessarily optimize the productivity of the process. To account for this observation, we have searched for another local optimum in the force model and evaluated how this second set of parameters affects productivity.
The set of parameters presented in Table 9 yields a satisfactory result with respect to productivity: the specific material removal rate (SMRR) is increased by a factor of four as compared to the constant effect for the SMMR. This is discussed in more details in Section 3.7.
The set of parameters in Table 9 , used with the tangential force model, also predicts a reduction in tangential grinding force of -86%. In this new configuration, the wheel speed is significantly increased, whereas the vertical feed is reduced. Therefore, the second set of parameters is considered as a good compromise to minimize grinding forces and maximize productivity. Crystallographic orient. +1 c-axis Table 9 : Second best local optimum set of parameters in terms of tangential grinding force.
Second local optimum in terms of tangential grinding force with improved productivity rate
Modelling of material quality -first processing map
The same procedure as in Sections 3.2 is applied here, but now for DoE models in terms of material quality, defined by the various responses discussed in Section 2.5, Table 5 . The first processing map is established for the median defect area. Other quality parameters will be discussed in Section 3.6.
The resolution method provides 19 new coefficients for the model. They are given in Table 10 and their respective relative effects are given in brackets. Figure 5 shows the relative effects sorted out in increasing order. As for Fig. 4 presenting the tangential grinding force, this graphical representation allows an easy visualization of the importance of each parameter and the influence of their different interactions.
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Note that the quadratic effects (a 11 and a 33 ) are the most significant ones, which indicates that a linear model would not be appropriate because of a strong curvature of the surfaces in our parameter space. Also, the influence of the grinding direction x 5 (c-and mdirections) has limited influence on the grinding process. 
When developing models, the parameters with little effects are often disregarded and a new model is developed with the remaining coefficients. The main objective is to reduce the complexity of the model. Figure 5 shows that three coefficients have a relative effect below 5% (a 34 = -3%, a 45 = 3% and a 3 = 4%), so that they can be practically neglected.
The question then arises whether or not to neglect a main factor with little direct effect, if it has a nonnegligible interaction, as for instance the case for the vertical feed (x 3 ). In the present case, even though all coefficients are kept for the later development of the model, presently disregarding these three effects brings valuable information to check the statistical validity of the model. Indeed, it is possible to eliminate coefficients x 3 , x 34 and x 45 and "lump" their effects in the residual errors. Under such circumstances, the number of degrees of freedom of the model increases and an analysis of variance on the data (ANOVA) can be carried out to obtain the probability of an effect being significant or not.
In this particular case, all effects are found to be significant as their probability to be random is less than 3%. This observation gives confidence in the model and its results!
Optimization of material quality using the model of the defect area
Keeping the full model based on Eq. (4), we apply the same optimization procedure as for the grinding force in Section 3.3 to obtain the set of parameters resulting in the best achievable material quality characterized by the median defect area. The optimization algorithm is run under constraints with the set of coefficients given in Table 10 . The best local optimum is obtained after 9 iterations and the set of parameters is given in Table 11 .
With this set of parameters, the model predicts that the median defect area significantly decreases (by 184%) as compared to the value associated with the constant effect a 0 .
A second local optimum is found and the corresponding set of parameters is given in Table 12 . With this solution, a decrease of 138 % in relative value is expected as compared to the constant effect contribution. This set of parameters gives a worse productivity rate than the best local optimum defined in Table 11 since the feed speed (x 2 ) and the vertical feed (x 3 ) both have lower values. In addition, the optimum defined in Table 12 requires the use of USA to compensate for the 30% reduction in depth of cut as compared to the value for the first local optimum (from 13.5 to ≈ 9.5 µm/pass). Crystallographic orient. +1 c-axis Table 12 : Set of parameters for the second local optimum of the median defect area.
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Search for the best optimum and validation tests with respect to material quality
In the previous sections, models for the grinding force and the median defect area have been developed and optimized. The parameters defining the best and second best optima for each optimized characteristic are given in Tables 8, 9, 11 and 12, respectively. Inspection of these tables shows that none of the four optimal conditions overlaps indicating that a compromise is necessary to meet objectives of high groove quality and low grinding forces simultaneously. A comparison of the data in the four tables reveals that the second local optimum in terms of grinding forces (Table 9 ) corresponds fairly well with the best local optimum for the median defects area (Table 11 ). In both set of parameters, the wheel speed, the feed speed and crystallographic orientation are identical.
By contrast, the vertical feed (or the depth of cut) is more or less twice lower for the optimum in terms of forces. Moreover, ultrasonic assistance has a pronounced effect on reducing forces, while it does not improve the median defect area and therefore the grinding quality. Finally, we observe that the best optimum for the median defect area also offers the best compromise between reduction of forces and productivity. Therefore, by inspection of the results, we can conclude that the set of parameters of Table 11 provides the best compromise in achieving grinding quality and productivity.
To validate this model and its interpretation, a series of additional experiments were carried out with the optimal set of parameters given in Table 11 . This validation is of utmost importance when modeling using statistical methods such as design of experiment.
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The validation tests were performed on both Verneuil and Kyropoulos materials in the hope of determining possible differences between these two sapphire types. To check again the reproducibility of the tests, seven experiments (3 with Verneuil and 4 with Kyropoulos) were conducted with the set of optimal parameters in Table 11 .
The results of the validation experiments are plotted in Fig. 6 together, for comparison, with all previous results of the DoE experimental plan. This graph shows the measured values of the median defect area plotted as a function of the parameter run number. The runs are ranked on the horizontal axis (x-axis) from the best to the worst result (from left to right). Each test, has received an identification number called "Groove ID ". For clearer graphic representation and easier comparison, the runs were ranked only one time for the median defects area and this order is kept for all future comparisons. For example, ID 20 refers to the same test in all graphs from Fig. 6 on. The tests have the following ID numbers:
• ID 1 to 3 correspond to the optimal runs on Verneuil;
• ID 4 to 7 correspond to the optimal runs on Kyropoulos;
• ID 8 to 55 correspond to all the previous runs of the DoE plan. Figure 6 shows that little differences are seen between the additional tests (ID 1 to ID 7), with the set of parameters for the first (and best) local optimum of the median defect area (set of parameters of Table 11 ), and the best results obtained from the DoE plan (ID 8 to ID 15). This validates the optimized model. In addition, the spread in the results for the optimal experimental runs in Fig. 6 is relatively small, indicating a good reproducibility of the tests. This is particularly true when considering that each experiment was performed on the same batch of sapphire but on different samples of sapphire, at various times and with some variation of environmental conditions (room temperature and relative humidity). On the basis of the data in Fig. 6 , we conclude that no significant differences between Verneuil and Kyropoulos sapphires can be observed. Although the data are not presented here for the sake of brevity, we draw the same conclusion when considering grinding In Table 6 , the median defect area and the median defect height have a coefficient of correlation of 0.90. Consequently, we expect that the model developed for the median defect area is also valid for the median defect height. To confirm this hypothesis and thereby enhance the confidence in the model, all results are plotted in Fig. 7 in terms of median defect height, in a manner similar to what was done for the median defect area in Fig. 6. From Figure 7 , it is evident that, for the tests ranked between 1 and 25, the results are consistent with the model predictions. The additional tests still appear to be optimal in comparison with all the DoE tests and this validates the model based on the set of parameters of Table 11 . As we noticed for the median defect area, the minimum median defect height has a limited minimum value (more or less 10 µm). Although not shown here, a similar trend is observed for the minimum defect height with a limit value of 1 µm.
This result is consistent with the investigation of sapphire cracking behavior during nanoindentation using different indenter shape (Graça, 2016) . 
Verification of the optimum with respect to productivity
In Section 3.6, we validated the models for material quality and for grinding forces.
Although these process parameters are important to meet geometric and dimensional specifications for the ground grooves, a minimum level of productivity is required for the "optimized process" to be industrially viable. As mentioned in Section 2.4, we express productivity in terms of the specific material removal rate ' w Q (SMRR) and the total processing time.
The SMRR was defined in Eq.
(2) in Section 2.4. In our case, the feed speed ν a = x 2 and the depth of cut a e corresponds to the vertical feed (x 3 ), so that Eq.
(2) can be rewritten as:
Applying the procedure used for the previous section, we plot in Fig. 8 the results ' w Q calculated with Eq. (5) versus "Groove ID". From this figure, it is seen that the optimum parameters determined in the preceding section ( Total processing time represents another important metric of industrial productivity. In this study, the calculation of the processing time takes into account the actual time spent machining, but also the time for taking the surface reference as well as the approach and return time between passes. Figure 9 , which plots processing time versus "Groove ID"
indicates that the selected optimum has the second best value in terms of total processing time. With 323 seconds (or 5 min and 23 sec), it is relatively close to the fastest configuration of the DoE plan (240 seconds or 4 min). As for increasing Q ' w to its highest achievable value, decreasing the total processing time to its lowest achievable value would have a very negative impact on the process quality.
Considering the results in Figs 8 and 9 , we can conclude that the optimized model in Table 11 has been validated, not only in terms of grinding forces and material quality, but also in terms of productivity. 
DISCUSSIONS
Discussion of grinding force model (Section 3.2)
In Figure 4 , it was seen that the relative effects of the wheel speed (RE a1 = -120%), the feed speed (RE a2 = +101%) and the vertical feed (RE a3 = +125%) have the largest influences on the tangential grinding force. These experimental results are consistent with experimental results in the literature (Polini and Turchetta, 2004) and more details about the details on the geometrical considerations can be found in Kurrein (1927) , Peters (1966) and Polini and Turchetta (2004) . Actually, the trends observed in this work may be explained by expressing the resultant global grinding force R in terms of two sets of different components:
• the tangential (F c ) and radial (F r ) grinding forces with respect to the grinding wheel calculated from the sum of the forces acting on each individual grain.
These forces are given in the first part of Eq. (6) (Polini and Turchetta, 2004 ). • the directly measured equivalent tangential (F t ) and normal (F n ) grinding forces with respect to work piece. These forces are given in the second part of Eq. (6) via the resultant R (Polini and Turchetta, 2004) . In the first part of Eq. (6), K c and K r correspond to the grinding force coefficients, υ c and υ r are some constants and h eq is the equivalent chip thickness, which is is defined by (Kurrein, 1927; Peters, 1966; Polini and Turchetta, 2004) :
where x 1 and x 2 are the wheel speed and the feed speed, respectively, and a e is the depth of cut. In this work, it is possible to assume that the depth of cut is equal to the vertical feed so that a e = x 3 .
The second part of Eq. (6) considers the grinding forces acting on the workpiece along the feed speed direction and along the perpendicular to the feed speed direction via the
and δ is the angle between F r and R (See Fig. 3 in (Polini and Turchetta, 2004) ).
Further, on the basis of experimental observations, we assume in first approximation that F n is proportional to F t (i.e. F n / F t = α). Integrating Eq. (7) into Eq. (6) 
As the grinding wheel was always of the same type for all runs, K c can be assumed to be constant in Eq. (8a) for the tangential grinding force. Consequently, from Eq. (8a), it is obvious that increasing the feed speed (x 2 ) and/or the vertical feed (x 3 ) increases the tangential (F c ) grinding force but also the measured tangential force F t . Following the same reasoning for the radial grinding force, increasing the feed speed (x 2 ) and/or the vertical feed (x 3 ) increases the radial (F r ) grinding force but also the measured normal force F n . In contrast, an increase of the wheel speed (x 1 ) decreases F c and F r but also F t and 
Discussion of material quality model (Section 3.4)
In Section 4.1, Eq. (8) established the correlation between the grinding parameters (x 1 , x 2 , and x 3 ) and the grinding forces (F t and F n ). We also mentioned based on experimental evidence, that, in first approximation, the ratio between the normal and the tangential forces can be assumed constant, i.e. F n / F t ≈ α. Furthermore, in Table 6 , the correlation between the median defect area (A Median ) and the median defect height (h Median ) is 0.9.
Consequently, all results pertaining to grinding forces versus material quality can be inferred from the relation between the measured normal force (F n ) and the median defect height (h Median ), which only needs being considered.
On the basis of fracture mechanics and indentation mechanics analysis and experimental results (Lawn, 1997; Malkin and Hwang, 1996; Marshall et al., 1982; Raju and Newman, 1979; Suratwala et al., 2006; Wasmer et al., 2008a; Wasmer et al., 2008b; Wasmer et al., 2013) , one can plausibly argue that the lateral crack will tend to initiate at the depth of cut a e (where the stress concentration at the groove corner and the loading are highest) and propagates parallel to the surface. In this work, regardless of the grinding direction (m-or c-axis), the cracking plane is always the same; the a-plane. In addition, this plane is known to have a significantly lower fracture toughness (K Ic ) value compared to the toughness for the cand m-planes. It is also close to the weakest R-plane (Graça et al., 2014) . Thus, it can be concluded that lateral cracks, and chipping, are favored to grow along the a-plane. In contrast, the grinding direction with respect to the crystallographic axes (along the mor c-axis) does not significantly influence the cracking and chipping behavior during grinding This observation is consistent with Fig. 5 where the coefficient a 5 of main effect x 5 has a low impact on the median defect area (REa 5 = -18%).
Discussion of the search for the best optimum and validation tests with respect to
material quality (Section 3.6) Figure 6 indicates that our grinding process cannot be optimized to produce median defect areas smaller than 320 µm 2 whereas the smallest defect area measured was as low as 25 µm 2 . In turn, this observation suggests that grinding of sapphire occurs by the formation of brittle chips of a minimum area limited by the size of the interacting nucleated radial and lateral cracks underneath the diamond grains of the wheel. This interpretation is consistent with findings in the literature (Polini and Turchetta, 2004; Wasmer et al., 2008a; Wasmer et al., 2008b) . Polini and Turchetta (2004) , working with rock, showed that the M A N U S C R I P T A C C E P T E D ACCEPTED MANUSCRIPT 28 specific grinding energy E c increases non-linearly as the equivalent chip thickness h eq decreases and that E c tends to infinity when h eq reaches 0.2 µm, thus making the generation of smaller chips impossible. Moreover, Wasmer et al. (2008a; 2008b) demonstrated that during scratching of gallium arsenide, the minimum length of the nucleated cracks is limited to a lower bound, which depends on the tool contact geometry. The lower bound arises because the local conditions for the nucleation of a crack require a more or less fixed amount of strain energy build up in the contact region of a tool (or diamond grain). Once the crack is nucleated, the stored energy is released and dissipated in part by propagating the crack. The final length of the propagated crack then depends on the amount of stored strain energy at the instant of crack nucleation, which, as mentioned above is more or less a constant and hence causes the limitation on the final crack length.
CONCLUSIONS
Grinding experiments of sapphire have been reported. The effect of the wheel speed, the feed speed, the vertical feed, the ultrasonic assistance (USA) and the crystallographic orientation (c-and m-directions) has been investigated. The experiments were planned based on a two-level fractional factorial design to be able to develop a quadratic model.
The responses were used to develop models for grinding forces, grinding quality and productivity.
It is found that the tangential forces decrease with either an increase of the wheel speed (x 1 ) or a decrease of the feed speed (x 2 ) and/or the vertical feed (x 3 ). An optimization procedure shows that the best local optimum in terms of forces is achieved with a wheel speed of 16 m/s, a feed speed of 60 mm/min, a vertical feed of approximately 11 µm/pass with the ultrasonic assistance and along the c-direction. A second best optimum, taking into consideration the productivity, is obtained with a wheel speed of 30 m/s, a feed speed of 400 mm/min, a vertical feed of 6.7 µm/pass with the ultrasonic assistance and along the c-direction.
When considering the grinding quality, it is observed that the quadratic effects of the main parameters (wheel speed (x 1 ) and vertical feed (x 3 )) are the most important ones. The best local optimum has been obtained with a wheel speed of 30 m/s, a feed speed of 400 mm/min, a vertical feed of approximately 13.5 µm/pass with no ultrasonic assistance and along the c-direction. This optimum is also very close to the optimum for material removal M A N U S C R I P T A C C E P T E D ACCEPTED MANUSCRIPT 29 rate per unit active grinding wheel width ( ' w Q ) or productivity. Although grinding along the c-direction is predicted by the models to reduce the wheel forces and increase the productivity, it is demonstrated that the grinding direction, actually, plays a minor role. This is due to the fact that the defect height and/or area are related to the lateral cracks and that in all cases, the lateral cracks propagate along the weak a-plane. It is also seen that, by and large, the smallest defect height and median defect height are around 1 and 10 µm, respectively, which is consistent with the literature (Graça, 2016) .
Although USA is known to reduce sub-surface damages in ceramics (Qu et al., 2000) , this may not always be the case. This is particularly true when considering the height and/or the area of the defects at the surface edges of the groove, as it is the case in this study. Under such circumstances, we note that USA helps reducing the grinding forces and improving productivity, but have a rather deleterious effect on the groove quality.
Finally, the optimum process parameters in Table 11 have been used for performing additional experiments and validate the model. These additional experiments have pointed out that little differences exist between Verneuil and Kyropulos sapphire. The results have confirmed the validity of the model not only for the median defect area but also for the median defect height. The model proposed correlates very well with material removal rate and productivity and it is certainly applicable to other brittle materials such as ceramics.
The approach presented here, although somewhat complex, can be advantageously applied to other grinding configurations and processes. Wear: Highlights
• We proposed optimized semi-empirical models to ground sapphire in terms of grinding forces, surface quality and productivity. • The models were developed and validated with additional and repeated tests on both Verneuil and Kyropouloas sapphire. • Three main parameters have the largest influences on the tangential grinding forces: the wheel speed, the feed speed and the vertical feed. In contrast, the median defect area is mainly impacted by the quadratic effects of the wheel speed and vertical feed. • The optimum solution is: a wheel speed of 7'500 rpm, a feed speed of 60 mm/min, a vertical feed of 12.5 µm/pass, no ultrasonic assistance and grinding along the c-axis.
